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ON THE VISCOSITY SOLUTIONS TO SOME NONLINEAR ELLIPTIC 

EQUATIONS 

TILAK BHATTACHARYA AND LEONARDO MARAZZI 


Abstract. We consider viscosity solutions of a class of nonlinear degenerate elliptic equations 
on bounded domains. We prove comparison principles and a priori supremum bounds for the 
solutions. We also address the eigenvalue problem and, in many instances, show the existence of 
a first eigenvalue and a first positive eigenfunction. 
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1. Introduction and statements of main results 

In this work, we study issues related to the eigenvalue problem for some nonlinear degenerate 
elliptic operators. This may be considered as a follow-up of the work in [6], where we showed 
the existence of the first eigenvalue and a positive first eigenfunction of the infinity-Laplacian. 
The current work continues the effort of studying similar questions for a more general class of 
nonlinear elliptic, possibly degenerate, operators. See n El El El HU [la [HUH]. 

To state our results more precisely, we introduce notations that will be used through out this 
work. Let H C M”, n > 2, be a bounded domain, its closure and <912 its boundary. Let 
/ : n X M —M be continuous, denote the set of n x n symmetric matrices and H{p,X) be 
continuous, for {p,X) G R” x S'"’. We study properties of viscosity solutions of problems of the 
type 

(1.1) H{Du, D'^u) + f{x,u) = 0, in 12, and u = /i on 

where h G C{dQ,). By a solution we mean a function u G C(f2) that solves (ll.ip in the viscosity 
sense. 

We require that the operator H satisfy monotonicity in X, homogeneity in p and X, a kind 
of coercivity and, in some instances, invariance under reflections and rotations, see below. Our 
work mainly studies questions related to the eigenvalue problem in (II.ip although some of our 
work applies to a more general class of functions /. 

We now discuss the precise nature of H and also state the main results of this work. Let o 
denote the origin in R" and a point x G R" will be occasionally written as {xi,X 2 , ■ ■ ■ ,Xn)- By 
I we denote the n x n identity matrix, O will denote the n x n matrix with all entries equalling 
zero. Also, e will always stand for a unit vector in R". 
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Through out this work we require that H G C'(M"' x 5”,M) and H{p,0) = 0, Vp G M”. We 
now describe the conditions that H satisfies. 

Condition A (Monotonicity): The operator H(p, X) is continuous at p = 0 for any A G S'” 
and H{p, O) = 0, for any p G M”. In addition, for any X, Y £ with X <Y, 

( 1 . 2 ) H{p,X) < H{p,Y), \/p£W^. 

It is clear that if A > O then H{p, A) > 0, for any p. 

Condition B (Homogeneity): There are constants ki > 0 and /c 2 > 0, an odd integer, such 
that for any (p, A) G M” x S(n), 

( 1 . 3 ) H{ep,X) = \e\'^^H{p,X), V0gM, and H{p,eX) = 6^^H{p, X), > 0. 

Although our work allows ^2 > 1, our interest is in the case ki = 1. Define 


(1.4) k = ki + k 2 and ^ = ki + 2k2- 

For the next condition, we work with the matrix e (8) e, where e G M” is a unit vector. Observe 
that (e <8 e)ij = eiCj and e 8) e is a non-negative definite matrix. 

Condition C (Coercivity): H is coercive in the following sense. Let e denote a unit vector 
in M”. For every —oo < s < oo, we set 

(1.5) mi(s) = min FI (e, / — se (8 e), m 2 (s) = maxFF (e, / — se <8 e), 

|e| = l |e|=l 

7713 ( 5 ) = min FF(e, se (8 e —/) and 7774 ( 5 ) = max FF(e, se (8 e —/). 

|e|=l |e|=l 

If H is odd in A then 7773(5) = —7772(5) and 7774(5) = —7771(5). Also, the functions 7771(5) and 
7772(5) are decreasing in 5 while 7773(5) and 7774(5) are increasing in s. If s < 1 then / — se x e is 
a positive definite matrix and, by Condition A, 7771(5) > 0 and 7774(5) < 0. 

Let ki , k 2 and k = ki + k 2 he as in mi and (II .41) . Set 5 — k^jk. We impose that 

(1.6) 777i(s) > 0 and m/^{s) < 0. 

More generally, we require that there are — 00<51<I<50<00 (see (11.21) 1 such that 

(1.7) (i) min{777i(5), — 7774 ( 5 )} >0, Vs < 5i, and 

(ii) max {7772(5), — 7773(5)} <—F, V s > 5 o, 


where 0 < F < 00 . 

With (11.51) . (|1.6I) and (|1.7I) in view, we set 
( 1 . 8 ) 7771(5) = min {7771(5), —7774(5)} and 777,2(5) 

Also, with (|1.4p and (|1.6D in mind, we set 


(1.9) 


777,1 = 7771(5), 7772 = 7772(3), 


a = 


ki + 2k2 
k 


= max {7772(3), —7773(5)} . 
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In Part II of work, we will distinguish between the following two cases. 

(1.10) (i) 3 1 < s < 2 such that 777 - 2 ( 5 ) < 0, or (ii) 3 s > 2 such that 7772 ( 5 ) < 0, V 5 > s. 

Condition D (Symmetry): H is invariant under rotations and reflections. As a result if 
v{x) = v{r), where r = \x — z\ for some , 2 ; € M"', then 

(1.11) H{Dv, D^v) = G{r,v'{r),v''{r)). 

Restated, H{e,I — se® e) is independent of e. 

In Section 3, we discuss some examples and also make some additional comments. 


We now address the eigenvalue problem. We take a G C{Q) D inf^ a > 0. Consider 

the problem of finding (A,u) where A € M and u € (7(11) solve 

(1.12) H{Du, D'^u) + \a{x)\u\^~^u = 0, in H, and 77 = /i on dH, 

where h € C{d^l) and h > 0. If (A,u) solves ()1.12p with h = 0 then we say A is an eigenvalue of 
the operator H and n ^ 0 an eigenfunction corresponding to A. Our main effort is to characterize 
hrst eigenvalue and the first eigenfunction, see mum- To this end, we study (I1.12p and show 
the existence of positive solutions when h > 0 and when A is less than a certain value Aq > 0 
which turns out to be the first eigenvalue of H. 

It turns out that when (jl.lOp fi') holds, conditions A, B and C suffice. However, (ll.lOp fiii 
appears to be less tractable and we impose additional conditions. At this time it is not clear to 
us as to how to prove a Harnack’s inequality for non-negative super-solutions for such a general 
class of operators. 

We now discuss the work in [S] that addresses the eigenvalue problem for nonlinear elliptic 
equations. Besides homogeneity they require that the operator H satisfy \/{p,Y) € R”' x 

a\p\^Trace{X) < H{p,Y + X) - H{p,Y) < 6|p|'?rrace(A:), VA e S^, X > 0, 

where 0 < a < 6 < 00 and q > —1. Clearly, this condition implies that 


(1.13) 


(i) a{t - 

(ii) a < 


- 5 ) < H{e, I + te iSi e) — H{e, I + e) < b{t 
H{e,I - e^Si e) ^ ^ 

77—1 ~ 


5 ), t > s, and 


Our conditions require that H{p, X + Y) > H{p,X), for T > 0, and coercivity as stated in 
condition C. Thus, H{e,I — se ® e) is continuous and non-increasing in s (see condition A), 
and that (irsD and (ll.Zp hold. The last two conditions are also satisfied by the operators in [Sj. 
However, we do not require that H be Lipschitz continuous, see (I1.13ll (ii. Also, unlike (I1.13ll (iif . 
we allow the possibility that H(e, I — e ® e) = 0 (as in the case of the infinity-Laplacian). While 
[8] does not require condition D, the bounds in terms of the Laplacian support radial solutions. 
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These being unavailable, we require that H admit radial solutions if (|1.10ll (iii holds. Also, we 
require that q > 0 while the work in [8] allows g > — 1. 

We also remark that our approach is different from [8]. We work the equation H{Du, D‘^u) + 
Xa{x)u^ = 0 with positive boundary data, while in [5], the authors work with the non-homogeneous 
equation H{Du,D‘^u) + \a{x)u^ = f{x) with zero boundary data. It is not clear if a version of 
Theorem oi and some of the estimates in Section 7 hold in their case. 

We now state the main results of this work. The set C n > 2, will always stand for 

a bounded domain in this work. By usc{0,) we denote the class of all upper semi-continuous 
functions on fl, and lsc{Xl) will denote the class of all lower semi-continuous functions on XI. 

The first result is a quotient type comparison principle for positive solutions, also see [8]. Let 
g, /i : n X M —>■ E and a : ^ E, a > 0, be continuous. Suppose that m > 0 is such that 

(1.14) h{x,t) > a{x)\t\^~^t > g{x,t), y{x,t) e 11 x (0,oo) 

Theorem 1.1. Let H satisfy conditions A and B, and g and h he as in Suppose that 

u G usc{Q), and v G lsc{Xl), v > 0, solve 

H{Du, D^u) + g{x,u) > 0, and H{Dv, D'^v) + h{x,v) < 0, in XI. 

Recall k from (Z3P- Then either u < 0 in XI, or the following conclusions hold. 

(a) Suppose that k = m. (i) If U C XI is a compactly contained sub-domain of XI such that u> 0 
somewhere in U then 

u u 

sup — = sup — > 0. 

u V Qu V 

(ii) Assume that u > 0 somewhere in XI, and Uj C Lj+i C XI, j = 1,2,---, are compactly 
contained sub domains of XI, with UjUj = Xt. If limj^oosupjj. u/v < oo, then 

u I u 

0 < sup — = hm sup — 
n V j^co \ V 

(b) Take k ^ m. We assume further that either (i) k > m and {u/v){z) > 1, for some z in 
or (ii) k < m and sup^u/u < 1. Then the conclusions in (i) and (ii) of part (a) hold. 

A related version of the comparison principle for a somewhat general case is discussed in Section 
5. See [8]. 

For the remaining results, we assume that H satisfies conditions A, B and C. 

We now state a result on a priori supremum bounds that is useful for the eigenvalue problem 
for H on XI. Let / G (7(11 x E,E) and 

(1.15) sup \f{x,t\ < oo, \/ti,t 2 such that —oo < ti < t 2 < oo. 

Qx [ti ,t2] 
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Assume that there are constants —oo < < 0 < < oo such that 

( 1 . 16 ) l.ms^p(^-^5- j<Mj and > m,. 

Theorem 1.2. Let A € M, / : x M —>■ R 6e as in and I11.16\} . and h G C{dLi). Suppose 

that u G (7(0) solves 

H{Du, D^u) + Xf{x, u) = 0, in LI, and u = h on dD. 

(a) If |A| is small enough then u is a priori bounded and sup^ |n| < K, where K depends on 
A, fJ. 1 , P 2 , k, h and O. 

(b) If pi = fi 2 = 0 then, for any X, u is a priori bounded and sup^ |n| < K, where K depends 
on A, k,h and O. 

Let (5 > 0 and A > 0. Consider the problem of finding a positive solution ux G (7(0) of 

(1.17) H{Du\, D'^ux) + Xa{x)u\ = 0, in O, and ua = 5 on 90. 

We call 

(1.18) Ao = sup{A : (I1.17P has a positive solution ua.}. 

We show in Theorem oi that An > 0. 

The next result shows that a positive solution ux, for any 0 < A < An, is an increasing Lipschitz 
continuous function of A. 

Theorem 1.3. Let A > 0, (5 > 0 and ux G C(Q), ux > 0, solve 

(1.19) H{Dux,D^ux) + Xa{x)ux = 0, in O and ux = d on 90. 

Set Vx{X) = ux{x), Vx G O and Mx = supnUA. Then for each x G LI, Vx{X) is a non-decreasing 
Lipschitz continuous function of X and for a.e. X, 

VxiX)logivxiX)/5) dvx{X) {Mx\ Vx{X) - 5 ^ ^ ^ , 

Also, see Remark l7.5p . 

We now provide existence results for the eigenvalue problem in (jl.l2p . The conditions (ll.lOjl 
(i) and (ii) play a crucial role in these statements and the following will be assumed through out 
this work. 

O is any bounded domain if (ll.lOp fii holds, and 0 satisfies a uniform outer ball 

(1.20) condition if (jl.lOll (ii) holds. 

Theorem 1.4. Suppose that A > 0, and a(x) G (7(0) with inf^ a > 0. For h G (7(90) with 
infgn h > 0, consider the boundary value problem 

(1.21) H{Du, D'^u) + Aa(x)|n|*^“^n = 0, in O and u = h on 90. 
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Set R = diam{Q) and v = sup^ a{x). Recall M.2(A) . 

(a) If \1.10\) (i) holds and 0 < A < |m2(s)|(2 — s)^{vRS)~^ then U.21\) has a unique positive 
solution. 

(b) Suppose that M.KXi di) holds and II satisfies a uniform outer ball condition with optimal 
radius 2p > 0. Fix fi > s — 2 and s = fi + 2. If 


h’R'^ \R 

then M.21]) has a unique positive solution. Moreover, u > in O. 


We show next that Ao, as defined in (|1.18p . is independent of h. Also, see Remark 18.31 

Theorem 1.5. Suppose that lll.20\) holds. Let 5 > 0, a{x) € CpH), info a > 0, and h G C{dLl), 
with inf go /i > 0. Suppose that, for some A > 0, the problem H{Du, D‘^u) + Xa{x)\u\^~^u = 
0, in n, and u = 6 on dH, has a positive solution. Then the problem 

(1.22) H(Dv,D‘^v) + \a{x)\v\^~^v = 0, in H and v = h on dll, 

also has a positive solution. 


The boundedness of Ao is shown in 


Theorem 1.6. Suppose that H satisfies conditions A, B and C. Let (i > 0 and a(x) G (7(0) H 
L°°(fl), info a > 0. Recall lll.20\} . 

(a) Suppose that 111.10\) (i) holds then Xq < oo. (b) Suppose that M.lOii (ii) holds and H 
satisfies D then Ao < oo. 

In part (ii), if a Harnack’s inequality holds then the conclusion follows without the imposition 
of condition D. See Remark 19.21 
Finally, we show 

Theorem 1.7. Suppose that H satisfies conditions A, B and C. Let a G (7(0,R), info a > 0. 
Consider the problem 

(1.23) H{Du, D^u) + Xna{x)\u\^~^u = 0, in H and u = 0 on dQ, 

where u G (7(0). Recall il.20\) . 

(i) Suppose that I11.10\) (i) holds then lll.23\} has a positive eigenfunction u. 

(ii) Suppose that H satisfies D and I11.10\) (ii) holds then ill.23\) has a positive radial eigen¬ 
function when Q is a ball. 

At this time, it is not clear to us as to how to extend part (ii) to general domains. Also, our 
work does not address whether Ao is simple or isolated. 

We describe the lay out of the work. In Section 2, we include definitions, notations and some 
useful calculations. Section 3 contains examples and some further discussion. Section 4 presents 
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comparison principles when H satisfies condition A and are of some what general nature. The 
remaining work is divided into two parts. Part I has Sections 5 and 6. Sections 7-10 are in 
Part II. Section 5 lists additional comparison principles under the conditions A and B and the 
proof of Theorem ll.il We also include a change of variables formula, important for Theorem ll.61 
Sections 6-10 we assume that H satisfies A, B and C. The proofs of Theorems 16.41 and 11.21 are in 
Section 6. Section 7 contains a discussion of questions related to the problem (jl.l7j) and shows 
that solutions ux are Lipschitz continuous in A. Proofs of Theorems 11.41 and 11.51 are in Section 8. 
Theorem 11.61 is proven in Section 9. We present a proof of Theorem 11.71 in Section 10. 

2. Additional notations, definitions and calculations 

We introduce additional notations and definitions. We use o to denote the origin. By 
Bs(p), s > 0, we mean the ball of radius s centered at p. In this work, all differential equa¬ 
tions and inequalities will be understood in the sense of viscosity, see below and [9] . We assume 
through out that H G C(]R"' x and satisfies condition A, see (jl.2p . 

We define the notion of a viscosity solution u to the following in 14, 

(2.1) H{Du, D^u) -|- f{x, u) = 0 in n and u = h on 514, 
where / G C(I4 x M, M) and h G C{dQ). 

A function u G msc(I 4) is said to be a viscosity sub-solution of the equation in (|2.1|] . in 14, or 
solves H{Du, D'^u) + f{x, u) > 0, in 14, if the following holds. For any ^|J G C'^(f4) such that u — 'ip 
has a maximum at a point y G 14, we have 

HiDtpiy), D^'ipiy)) + f{y, u{y)) > 0. 

Similarly, u G /sc(I4) is said to be a viscosity super-solution of the equation (12.ip or solves 
H{Du, D^u) + f{x, u) < 0, in 14, if, for any "0 G (7^(14) such that u — ip has a minimum at y G 14, 
we have 

HiDtpiy), D'^'piy)) + f{y, u{y)) < 0. 

A function u G (7(14) is a viscosity solution of if it is both a sub-solution and a super-solution. 

We define u G rtsc(I4) to be a viscosity sub-solution to the problem (|2.ip if u is a sub-solution 
in 14 and u < h on 514. Similarly, u G Zsc(I4) is a super-solution of (j2.ip if tt is a super-solution 
in 14 and u > h on 514. We define u G (7(f4) to be a solution to (j2.ip . if it is both a sub-solution 
and a super-solution of (j2.ip . 

In this work, we will utilize radial sub-solutions and super-solutions. We discuss (jl.lOp in this 
context. Let v{x) = v{r) where r = \x — z\, for some z G M”. Set e = (ei,e 2 ,--- ,n) where 
e* = (x — z)i/r, i = 1, 2, • • • , n. Then for x ^ z, 

(2.2) H{Dv, D^v) = H fv'(r)e, (/ _ g ig, g) _|_ v"(r)e ® e 
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where I is the n x n identity matrix. We now impose conditions A, B and C on H. Recall 

(fOD-ifTTOl). 

k = ki + k 2 , 'J = ki + 2 k 2 and a = y/Zc. 

Then (I2.2p reads 


(2.3) 


H{Dv,D^v) = H 


r^2 


v'[r) 


Take v{r) = c ± dr^, where d > 0 and /3 > 0. Using (j2.3p . We obtain, in r > 0, 

H{Dv,D‘^v) = H ±d/3r^“^e, ±d/3r^“^{/— (2 —/3)e 0 e} 

= (i*^/3V(/3-i)U+(/3-2)fe2^ ± {/ - (2 - /3)e 0 e}] 

(2.4) = (d/3) [e, ± {/- (2 -/3)e 0 e}] . 

If n = c ± dr~^, where d > 0 and /3 > 0, then (12.411 yields 

(2.5) H{Dv, D\) = [e, T U - (/3 + 2)e 0 e}] . 

If (|1.10lh ii holds and = c± dr^ with /3 = 2 — s>0(0</3<l) then (|1.8I) and (|2.4I) imply 


( 2 . 6 ) 


H{Dv+,D‘^v+) = {df3)^r^^-"/H (e, / - se 0 e) < - 


idl3f\m2is)\ 


H{Dv-,D\-) = {d^fr^^-^H (e, se®e-I)> 


^■y-kp 

{d/3)^\m2{s)\ 

j.y-kp 


< 0, and 


> 0 . 


If (ll.lUp lii) holds and ?;=*= = c ± dr ^ with /3 > s — 2 > 0, then (|1.8D and (|2.5p lead to 


(2.7) 


(d/3) 


(d/3)^|m2(s)| 


H{Dv+,D v+) = ^;j^H{e,se®e-I)> -- > 0, and 

HiDv-,D\-) = iigff (e, / - se ® .) < -mVhfll < 0, 


j.kj3+y ' ’ ' — j-kp+y 

where s = /3 + 2. As a second application, set /3 = a = y/A; in ()2.4I) (see (|I.9p ) and take 
= c ± dr“, d > 0, to obtain 

k 


H{Dv'^ ,D‘^v'^) = {daYH [ e,I —'-^e® e] > {daYmi = [ —\ >0, and 


ki 


k 


d\ 


a J 


( 2 . 8 ) 


Zci 


H{Dv , ) = {dafH ( e, —e 0 e — I ) < —{daymi = — ( —J < 0. 


dV 


Remark 2.1. Our results on existence use Perron’s method, see [9]. The idea is as follows. 
Consider the problem of showing the existence of a solution u G (7(12) of 

H[Du, D‘^u) + f{x, u) = 0, in 0 and u = h on dVl, 


where h G C{dQ). Assume that the above admits a comparison principle. Let e > 0, be a given 
small number. For each y G cAI, we construct (i) a sub-solution v such that v{y) = h{y) — e and 
r < h on dQ, and (ii) a super-solution w such that w{y) = h{y) + e and w > h on dfl. This 
implies existence of a solution u. □ 
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3 . Examples and further comments 


We discuss some examples to which our results apply. Let s € M and the vector e € M” be 
such that |e| = 1. Set r =\x\, Vx € M"'. 

(i) p-Laplacian and the pseudo p-Laplacian: The p-Laplacian Ap, p >2, can be written 
as DpU = \Du\P~'^Au + {p — 2 )\Du\p~‘^AooU, where AooU = Yl'i j=i infinity- 

Laplacian. It is easy to see that H{e, I — se ® e) = {n + p — 2) — {p — l)s. 

We consider a more general version i.e., H{Du, D'^u) = \Du\'^Au +a\Du\'^~'^AocU, q>0, then 
H{e, I — se ^ e) = n — s + a{l — s), Vs. Thus, 

min(l, 1 + a) < ^^ < maxfl, 1 + a), Vo > —1 and Vs < 1. 

n — s 

If a > —1 then conditions A, B, C and D, in Section 1, are satisfied. Hence, all the resnlts of 
this work hold. 

Next we discuss a version of the pseudo p-Laplacian, which we denote by A®, where 

n 

ApU = \Du\'^'^^ \Diu\^DiiU, p, q>0, and H = A^. 
i=l 

We observe, using Holder’s inequality and that \ei\ < 1, that Y^^=i ^ 

\ P/(P+2) 


mm 


1, ^ |g^|P < and ^ \ei\^ < ( ^ | 


2=1 


2=1 


\i=l 




n 


2/{p+2) 


Clearly, H{e,I — se ® e) = 1^*1^ “ ^ '^1=1 Using the above, if s > 0 then 


1 — s 

77 ,| 2 — p |/2 


< H{e, I — se^ 


< 


< 




p/(P+2) 


n 


2=1 

2/(p+2) 


\ 2/(p+2) 


^2/(p+2) _ ^ 


n — s 




^2=1 


PlP/{p+2) \ pip/<j>+2) ■ 

If Cj = 1, for some i, then H[e,I — se® e) = 1 — s. Also, if e* = , for z = 1,2, 3, • • • , k, and 

ej = 0, i = k + 1, ■ ■ ■ , n, then H{e, I — se ^ e) = k~P^‘^{k — s), k = 1, - ■ ■ ,n. 

Conditions A, B and C hold and hence, Theorems 1.1-1.5 follow. The operator does not have 
radial symmetry. However, a proof of the Harnack inequality and local Lipschitz regularity may 
be found in [3] (see Theorem 2.9 and Remark 2.11), also see [5]. Clearly, Theorem 1.6 holds, see 
Remark l9.2l Moreover, a version of Lemma llO.ll holds. Also, H{Dr, D^r) = r~^H(e, I—e^e) > 0, 
the proof in Subsection I (take /3 = 1 in (b)) shows that Theorem 1.7 also holds. 

(ii) oo-Laplacian and a related operator: Set H{Du, D'^u) = AooU = Y17j=i DiuDjuDijU. 
Thus, 


H{e,I - se® e) = ^ etej {5ij - seiCj) = - g 

*d=i 


= 1 — s. 


2=1 


2 = 1 


Clearly, all the conditions are met and all the results stated in Section 1 hold. 
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For the following, we consider q > 0 and define H{Du, D'^u) = Y17j=i \Diu\'^\Dju\'^DiuDjuDijU. 
Then 

n / n 

H{e,I — se® e) = E I I ^ ^ ^ I ®j I 
i=l Vi=l 

If s < 0 then H > 0. Taking s > 0, writing q+2 = (g+l) + l and observing that (X]r=i ^ 

EiLi we get 



1 

H{e, I — se ® e) > {1 — s) ^ 

i=l 

Next, setting 6 = {2q + 2)/{q + 2) and using EEi < (EEi we get 


H{e, I — se ® e) < 



1 — s 



2/(g+2)' 


Thus, Theorems 1.1-1.5 hold. The operator has no radial symmetry. A Harnack’s inequality and 
local Lipschitz continuity may be worked out along the lines of Theorem 2.9 and Remark 2.11 in 
[3]. Clearly, Theorem 1.6 holds. Observing that H{Dr, D^r) = r~^H{e,I — e 0 e) >0, one can 
use the proof in Subsection I (take /3 = 1 in (b)) to show that Theorem 1.7 also holds. 

(iii) Pucci operators: Let Oj denote an eigenvalue of the matrix D^u. For 0 < A < A and 
g > 0 define 


M^f{u) = |iAu|'^ I A ^ Oj -I- A ^ Oj I and = |iAn|'^ | A ^ a* -f A ^ 1 . 


ai>0 


ai<0 


ai>0 


ai<0 


For any e, the eigenvalues of I—se®e are 1, with multiplicity n—1, and 1 —s. Set H^{Du, D'^u) = 
and observe that H^{e, ±{I — se® e)) = —H~{e, =f(/ — se® e)). If s < 1, then 

H^{e, I — se ® e) = A(n — s) and H^{e, se ® s — I) = —X{n — s). 


If s > 1, then 

H~^{e, I — se ® e) = A{n — 1) -|- A(1 — s) and H^{e, se ® s — I) = —A(n — 1) — A(1 — s). 

The operators are radially symmetric. The conditions A, B, C and D are satisfied and 
Theorems 1.1-1.5, 1.6(b) and 1.7(ii) hold. 

We can also consider the maximal and minimal Pucci operators |10]fChaD 17). Let 

n n 

J = {M(x) G 5” : Mij{x)riir]j > and ^^Mjj(x) = 1} and 0 < a < 1/n. 

i,j=l i=l 
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We set \Du,D‘^u) = sViY)iml)j^(^^-^^j\Du\^~^Trace{M{x)D‘^u), x G 0. Then H~^{p,X) = 

—X). Set E = a{n — s) and F = (1 — na). Then for any e (see [T0]h 

H~^{e, I — se 0 e) = E + F, s > 0, and H~^{e, / — se 0 e) = F + F(1 — s), s < 0, 

H~{e, I — se 0 e) = E + F(1 — s), s > 0, and H~{e, / — se 0 e) = F + F, s < 0. 

Conditions A, B, C and D are satisfied and Theorems 1.1-1.5, 1.6(b) and 1.7(ii) hold. See [14| in 
this context. 


4 . Comparison principles under Condition A 


We assume H satisfies condition A (see (|1.2l) i i.e., H{p, X) is continuous on M"' x S'”, H{p, O) = 
0 and, for any X, Y ^ with X <Y, we have H{p, X) < H{p, Y), Vp G M”. The section begins 
with a version of a comparison principle that is used often in this work, also see [6]. 

Theorem 4.1. (Comparison Principle) Let / : x M —)• R and g : Ll xM be continuous. 


Suppose that u G nsc(ll) and v G lsc{Q) satisfy in the viscosity sense, 

H{Du, D'^u) + f{x,u{x)) > 0 and H{Dv, D'^v) + g{x,v{x)) < 0, in Cl. 


If supq{u — v) > supqq{u — v) then there is a point z G H such that 

{u — v){z) = sup{u — v) and g{z,v{z)) < f{z,u{z)). 

n 

Equivalently, if inifi{v — u) < inf9n(i; — u) then there is a point z € Cl such that {v — u){z) = 
mfn{v-u) and g{z,u{z)) < f{z,v{z)). 

Proof. We provide an outline, see [9]. We prove part (a), the proof of part (b) follows similarly. 
Set M = supq(r — v)\ define, for e > 0, 


We{x,y) := u{x) - v{y) - —\x - yp, V(x,y) GClxCl. 


(4.1) 


Set Mg := supqxd ^e(a^) y)) aiid let (x^, y^) G H x 11 be such that is attained at (xg, y^). 

There is a z G H such that Xg and y^ ^ z, as e —>■ 0, and M = {u — v){z). Since {xe,ye) is a 
point of maximum of We{x, y), there exist Xs and W such that ((xe — yf)le, W) G J^’''“M(xe) and 
((xe — ye)l£,Y^) G J‘^~v{ye). Moreover, we have X^ < Y^, and using the definitions of and 


J^’ , we see that 



□ 


As a consequence of Theorem 14.11 we state a version of the strong maximum principle that 
holds under some restrictions on / and the boundary data. See [2] for a more general version. 
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Lemma 4.2. (Maximum Principle) Let f € (7(0 x M,M). Let J = {c G M ; f{x,c) = 
0, for some x G 0}. Call Cjnf = inf J, Cgup = sup J and assume that —oo < Cinf < Csup < oo. 

(i) Suppose that / < 0 and u G nsc(O) solves H{Du, D‘^u) + f{x,u) > 0, in 0. 

If sup^Q u > Csup or SUPQ u < Cinf then 

u{x) < sup It, Vx G O, and supu = supu. 
ao n ao 

(ii) Suppose that / > 0 and u G lsc{Il) solves H{Du, D‘^u) + f{x, u) < 0, in Cl. //infgn u < Cinf 
or inf^ u > Csup then 

u(x) > inf It, Vx G 0, and inf it = inf n 
art fi an 

If in part (i) f < 0, and in part (ii) f > 0 then the corresponding conclusions hold without the 
stated restrictions on u in dCl and O. 

Proof. We prove (i), the proof of (ii) is similar. Suppose that the claim is false i.e., there is a 
point z G O such that u{z) = sup^ u > supgj^ it. By our hypothesis, u(z) ^ J i.e., f{z, u{z)) ^ 0. 
For e > 0, small, define ife{x) = u{z) + e|x — z\^ in 0. Then G C^(0), (it — ife){z) = 0 and 
{u — 'if£){x) < —e\x — z\^ < 0, Vx G O, X 7 ^ z. Thus, for any e > 0, z is the only point of maximum 
oi u — ife in Cl. Using the definition of a viscosity sub-solution, we have 

H{D'if£{z),D^'il}£{z)) + f{z,u{z)) = H{0,2sl) + f{z,u{z)) > 0. 

Letting e —0, we get 0 = Lf(0, (9) > —f{z,u{z)) > 0. Thus, the claim holds. □ 

Finally, 

Lemma 4.3. Let gf : O x R —R and /i : 0 x R ^ R be continuous. Suppose that (i) g{x,t) < 
h{x,t), V(x,t) G O X R and at least one of g{-,t) and h{-,t) is non-increasing in t, or (ii) g = h 
and g is strictly decreasing in t. 

Let It G iisc(O) and v G lsc{Cl) satisfy H{Du, D^u) +g{x, it) > 0 and H{Dv, D‘^v)-\-h{x, v) < 0, 
in O. If u < V, on dCl, then u < v in Cl. Moreover, 

sup(it — v)^ = sup(ii — u)"''. 

ft an 

Proof. Suppose that g is non-increasing in t and supf 2 (it — v) > supgf^(it — v). By Theorem 14.11 
there is a point ^ G O such that (it — v){z) = supQ(it — v) > 0 and g{z,u{z)) > h{z,v{z)). Since 
u{z) > v{z), we get g{z,v{z)) > g{z,u{z)) > h{z,v{z)), a contradiction. Thus, the claim holds. 
Next, set g = supgQ(it — v) and assume /i > 0. Define it^ = u — /i and observe that 

= H{Du,D^u) > —g{x,u) > —g{x,Ufj_), and sup(it^ — i>) = 0. 

an 

If supf^(it^ — u) > 0 then, by Theorem 14.11 there is a point z € Cl such that (it^ — v){p) > 
0 and g{z,Uf,{z)) > h{z,v{z)). Since, v{z) < u^{z), g{z,v{z)) > g{z,u^{z)) > h{z,v{z)), a 
contradiction. Thus the claim holds. □ 
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PART I 

5. Proof of Theorem 11.11 and a change of variables result under conditions A 

AND B 

In this section, H satisfies conditions A (monotonicity) and B (homogeneity), see (|1.2p and 
m- We show some additional comparison principles including Theorem 11.11 see [6] and [8] . We 
also discuss a change of variables result. Recall that /c = /ci + ^2 in (jl.4l) . 

Proof of Theorem 11.11 Let 17 C be a compactly contained sub-domain of fl. We assume 
that M > 0 somewhere in U and show that suP[/(r/i;) = supQiju/v. 

Let p G 17 is such that u{p)/v{p) = supij{u/v) > supgiju/v. Set r = u{p)/v{p). Since u > 0, 
we have u{p) > 0 and r > 0. Thus, the function 

(5.1) w{x) = u{x) — Tv{x) <0, X G 17. 

Using (II.2p . (11.31) . (11.41) . (11.141) and u > 0, we have that 

(5.2) H{Dtv,D‘^tv) < —T^h{x,v{x)) < —r^“™'a(x)(Ti;(x))”^ Vx G U. 

From dST]), i(;(x) < 0, for any x G dU, and sup^/ w = w{p) = 0. Thus, sup^/ w > supg^/ w, and 
applying Theorem 14.11 and (I1.14p to u and tv (see (|5.2D ) there is a z G 17 such that 

(5.3) w{z) = sup^ rc = 0 and g{z, u{z)) > T^h{z, x( 2 ;)) > T^~^a{z){Tv{z))^ > 0. 

From ()5.3p we get u{z) = tv{z) > 0 and 

(5.4) g{z, u{z)) > T^-^a{z){Tv{z)r = T^“”^a(z)u(z)”^ > T^-^g{z, u{z)) > 0. 

We get a contradiction for Ic = m and part (a)(i) holds. We prove part (a) (ii). Set pj = 
supQu.iu/v). By part(i), pj's are increasing and p = sup^ pj < oo. If supQ(rt/x) > p then there 
is a set Uj such that supij^{u/v) > p. This violates part (a)(i) since supgij^{u/v) < p. 

From (15.41) . < 1. We get a contradiction for part (b). Thus, the theorem holds. □ 

Remark 5.1. Let u, v, g and h be as in the statement of Theorem 11.11 Since x > 0, it follows 
that that if rt > 0 somewhere in hi then tt > 0 somewhere on cAI. As a result, if rt = 0, on cAI, 
then u < 0 in n. □ 

Remark 5.2. The proof of Theorem 1 1.1 1 can be adapted to the case aix.t) < a(x)|t|^“^t-|-/(x) < 
h{x,t), V(x,t) G X (0, oo), and where /(x) > 0. Suppose that x > 0 and u < v on dQ. If 
tt — X > 0 in U then there is a r > 1 such that supq(x — tv) = 0. Clearly, x — rx < 0 on dCl. 
Arguing as in Theorem 11.11 there is a point p G U such that (x — rx)(p) = supf 2 (x — tv) = 0, and 

g{p,u{p)) > T^h{p,v{p)) > a{p){Tv{p))^ + T'^f{p) > a{p)u{p)^ + f{p) > g{p,u{p)). 

This is a contradiction and x < x in U. Note the claim holds if we take 0 < m < k. A version 
may be found in [8] (Theorem 3.6). □ 
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Next, we extend Theorem 11.11 when the condition (11.141) is relaxed to include the case g < h. 


Lemma 5.3. Let a E C'(n), a > 0, u E usc{Ll), and v E lsc{Q) D inf^i; > 0. Assume 

that g{x, t) < < /i(x, t), V(x, t) € Ll x (0, oo), where k is as in (O- If u, V satisfy 

H{Du, D'^u) + g{x,u) > 0, and H{Dv, D'^v) + h{x,v) < 0, in Ll, 

and u > 0 somewhere in Ll, then supq(u/i;) = supgf^(rt/i;). 


Proof. Since inf^i; > 0, we observe that h{x,v{x)) > a{x)v{x)^ > 0, Vx E Also, the proof of 
Lemma 14.21 shows that v > inf^Qi;, in Q. 

Set g = infgnx, £ = supf^x, and vg = v — Og, for 0 < 0 < 1. Let e > 0 be small, to be 
determined. Recalling that h{x,t) > a{x)t^, Mt > 0, we calculate 

'(1 + e)x^ 


(5.5) 


H{Dve,Dv 0 ) + {1 + £)a{x)vg < h{x,v) 


< (1 + e) 


- 1 


£ — 9g 

£ 


— 1 h{x, v). 


Note that in £ > 0, {£ — 9g)/£ increases in £. We choose s small enough so that 

H{Dvg, D‘^vg) + (1 + £)a{x)vg <0, in 11. 


As done in the proof of Theorem 11.11 we take r = sup^rt/x and assume that r > supg^^x/x. 
Working with u, vg and w = u — rvg, we obtain that there is a z E H such that w{z) = sup^/ ix = 0 
and g{z,u{z)) > (1 + £)a{z){TVg{z))^ > 0. Since TVg{z) = u(z), 

g(z, u(z}) > (1 + £}a(z}u(z}'' > (1 + £}g(z, u(z)} > 0 . 


This is a contradiction and supf^(x/x 0 ) = supgQ(x/x 0 ). Letting 9 —>■ 0 proves the claim. □ 


We now present a result regarding a change of variables which will prove useful in Part II. 


Lemma 5.4. Let f £ C(Q and ^ : M ^ M, 6e a function with C > 0. Take x : H — >■ M 

and set v = C{u). Call g = 

(a) If C, is convex and u E usc{Ll) satisfies H{Du., D'^u) + /(x, x) > 0, in Ll, then 

H{Dv, D'^v) + [r/'(x(x))]“^/(x, r/(x(x)) > 0, in H. 

(b) If C, is concave and u E lsc{Q) and H{Du,D‘^u) + f{x,u) < 0, in then 

H{Dv, D'^v) + [q'{v{x))]~^ f{x,g{v{x)) < 0, in H. 


Proof. We prove part (a). Clearly, x E usc{Ll). Since C is convex, we have 
(5.6) C{t2) - Cih) > C'{ti){t2-h). 
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Let i/j G (7^(0) and p G O be such that v{x) — 'ip{x) has a maximum at p, i.e., {v — 'ip){x) < 
{v — 'il>){p). Thus, C'iu{p)){u{x) — u{p)) < Ciu{x)) — Ciu{p)) < '^(x) —V’(p), see (j5.6l) . Rearranging, 



Since u is a sub-solution, we obtain 



Using = 1 together with (11.21) . (11.31) and dm) we rewrite the above as 


H {D'ip{p),D'^'il){p)) + [rj'ivip))] ^f{p,r]{v{p))) > 0. 

To prove part (b), we observe that the inequalities in (15.61) and (15.71) are reversed. One may now 


argue similarly to show part (b). 


□ 


Remark 5.5. Let g and h, in (7(11,M), be such that g{x,t) < a{x)t^ < h{x,t),\/{x,t) G 0 x M"*". 

Suppose that u : U ^ M+ and C{t) = t > 0. Lemma 15.41 implies the following. 

(i) Let u G usc(n) solve H{Du, D^u) + g{x,u) > 0, in H. If /3 > 1 then H{Dv, D'^v) + 
P'^a{x)v'^ > 0 . 

(ii) Let u G lsc{^}) solve H{Du, D‘^u) + h{x,u) < 0, in 0. If /3 < 1 then H{Dv, D‘^v) + 

/3^a(x)u^ < 0. □ 

Next, Theorem ll.il Lemma 15.31 and Remark 15.51 imply the following comparison principle. 

Lemma 5.6. Let g, h be in (7(11,M) and g{x,t) < a(x)|l|^“^l < h{x,t), V(x,t) G H x (0,oo); 
where a G (7(H) and a > 0. 

Suppose that (i) 0 < fd < 1 is such that g{x,t) < f3^a{x)t^, Vt > 0, and (ii) supj,gQ \h{x,t)\ = 0 

ifft = 0. Let u G usc(ll) and v G /sc(H), infjyu > 0, solve 

H{Du, D'^u) + g{x,u) > 0, and H{Dv, D'^v) + h{x,v) < 0, inLl. 

Assume that u> 0 somewhere in LI. If u < v on dLl then u < v in LI. Also, 


u 


u 


(5.8) 



//O < supgf^u < inf^Q u, on dLl, then u <v, in H, and u{z) < (inf^Qu)^ ^i;(z)^, Vz G H. 

Proof. By Theorem 11.11 and Lemma 15.31 if u < u on clH then u < v, in 11. By Remark 15.51 and 
the lower bound for h, w = solves H{Dw, D^w) + fi^a{x)w^ < 0. From Lemma 15.31 and the 


upper bound for g it is seen that ()5.8p holds. By Lemma v > inf^^j v. Next, using u < v in 
H, we get for any z (z LI, 



Thus, u(z) < v{z). The above inequality also implies u{x) < infgn ^u^(x), Vx G H. 


□ 
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6. A PRIORI BOUNDS: PROOF OF THEOREM 11.21 

In this section, we derive some useful a priori bounds for a fairly general class of functions 
f{x,t). We assume that H satisfies conditions A, B and C, see (ll.2p - (ll.in|) . However, we make 
no use of (I1.10|) in this section. 

We state the following version of the maximum principle, see Lemma 14.21 in this context. 
Lemma 6.1. (Maximum principle) 

(i) If u € usc{Il) solves H{Du, D‘^u) > 0, in then sup^u = supg^^u. (ii) If u G lsc{Il) solves 
H{Du, D'^u) < 0, in then inf^ u = infgfj u. 

Proof. Let q G \Il and 0<p<P<oobe such that H C \ Bp{q). We prove (i) by 

contradiction (part (ii) is similar). Let e > 0 and p G H he such that u{p) > supg^ u + s. Define 

w{x) = supu + ^( ^ 2^^ )’ Vx € B/j(g) \Hp(g). 

an 2 V R^- ) 

Thus, supgQ M < w{x) < supgQM + e/2, in Bii{q)\Bp{q). Clearly, u{p) — w{p) > 0 and u — w<0, 
on dQ. Let z G D be a point of maximum of n — tc on D. By (11.21) . (|1.3I) . (|1.6p . (II.Sp and (II.9p . 

H{Dw{z),D^w{z)) = p 2 ^ |x - q\^^H{e, -I) < -mip^^ ^ <0, 

where e is a unit vector in R”’ and mi < mi(0). We get a contradiction and the claim holds. □ 

Remark 6.2. Let u^{x) = c ± d > 0 and a = 1 + k 2 /k, see ()1.6p . (jl.Sp and ()1.9p . 

We remark that (j2.8l) holds in the viscosity sense at r = 0. Suppose that if G is such that 
(u"*" —'0)(x) < («■*■ — V’)(o). Then d|x|" < {Dil){o),x)+ o{\x\) as x —)■ 0. If x = —sDif{o), e > 0, we 
get d£°‘~^ < —|Di/^(o)p“"+o(l), as e —> 0. Thus, Dif{o) = 0 and (i|x|“ < {D‘^if{o)x, x)/2+o(|xp), 
as X ^ o. Since 1 < a < 2, this is a contradiction. The inequality H{Du^,D‘^ u^) > {ad)^mi > 0 
holds, see (|2.8p . Next, let <f G C'^ he such that {u — </')(x) > {u — 4i){o). Then, —d|x|" > 
{D(j){o),x) + o(|x|) and D4>{o) = 0. Thus, —d\x\^ > {D‘^(f>{o)x, x)/2 + o(|xp), as |x| —> 0. This is 
a contradiction and II{Du~, D^u~) < —{ad)^mi, see (fLell . (fLSl) and □ 

We consider the problem 

(6.1) H{Du,D^u) + f{x,u) = 0, gH and u = h on dH, 

where h G C{dll) and f G C{Il x M,M). For a function g, define g~^ = max{5,0} and g~ = 
min{g(,0}. We now present a priori supremum bounds when f{x,u) = /(x), also see [7j. 

Lemma 6.3. Let f G C{Il) nL°°(D), h G C{dll), a and a be as in Suppose that Br^{zo), 

for some zq G R"', is the out-ball ofLl. Consider the problem 

(6.2) H{Du, D^u) f{x) = 0, Vx € D, u = h, on dH, 

(i) If u G usc{Ll) is a sub-solution of 116. 3\) then sup^^u < sup^^/i + (t(supq 
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(a) Similarly, ifu G lsc{^}) is a super-solution of i6.3\) then infn u > infgn h — a\ infn / 

Proof. We prove part (i). Let tt be a sub-solution of (I6.2j) . Fix e > 0 and consider the function 

u;£(x) = sup/i + cT(sup/+ + {R^ - \x - zo|"), Vx G H. 

dn n 

Applying ([HD, ([HD, ([LID, (Hi), ^ and Remark 16.21 we have 

H{Dws, D'^Ws) = (—Hr/—1!_^ H (e, -^e (g) e — < — sup f~^ — e < —/, in 0. 

\ mi J \ k J n 

Also, Ws > h, on dit. Thus, Lemma [4.31 implies u{x) < W£{x), in n. Since e is arbitrary the claim 
follows. 

Part (ii) follows by taking Weix) = infn h — (t(| infn /“| + — |x — . 2 o|“), Vx G 12. □ 

Let / : 12 X M —>■ R be continuous and satisfy 

(6.3) sup |/(x,t| < oo, Vti,t 2 such that —oo < 2i < 22 < oo. 

fix [ti ,t2] 

We apply Lemma 16.31 to prove Theorem 11.21 A related result is proven in [7]. 

Proof of Theorem 11.21 Set M = sup^ |u|, L = supg^ \h\ and Rq the radius of the out-ball of 
12. Let e > 0, small, be fixed. 

We prove part (a). By ()1.16l) there exists 2 i > 0 such that 

(6.4) (/ii-e)|2|^ < inf/(x,2) < sup/(x,2) < (/i 2 + e)|i|^, V|2| > tp 

^ o 

By (|6.3p . there is a 0 < /13 < oo such that sup[_jj |/(x, 2 )| < /X 3 . Define S 4 = max(|/ii| -|- 
e, //2 + e), then sup^ |/(x, t)\ < H 4 \t\^ -P /is, —00 < t < 00 . 

Thus, we have |/(x,ii)| < -\- /is and 

(6.5) - |A|(/i 4 M^ +/is) < 27(^11, D^u) < |A|(/i 4 M^ +/is), in 12. 

Using —L < u < L on 512 and applying the estimates of Lemma 16.31 to (|6.5p we have 

0 < |u| < M < L + c7|A|^/^(/i4M^ + pinf/^RZ <L + 

where /is > 0 and /ig > 0 are independent of M. Hence, M < {L-\- hq){1 — |A|^/^/i 5 )“^. It is clear 
that if |A| is small enough u is a priori bounded. 

To show (b), take e = {|A|(2cjR")*'} and we get from (16.40 . |/(x, 2 )| < e\t\^, | 2 | > 2 i > 0, 
where 2 i > L. Suppose that M > ti, then 22(I2u, D^u) < eXM^ in the set {u > 2 i}. Using Lemma 
16.31 A2 < ti -|- a{e\Y/^M. Applying the definition of e, supQ u < 2ti. A similar argument can 
be used to obtain a lower bound for info u- C 


Part II 
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7. Estimates for the eigenvalue problem. Proof of Theorem 11.31 

In Part II, H satisfies conditions A, B and C, see (1121)-(HH). From hereon, A € M stands for 
a parameter, a G (7(11, M) and (5 > 0. Assume that there are 0 < /r < u < oo such that 

(7.1) 0 < < a{x) < p < oo, Vx G H. 

We study the problem 

(7.2) H{Du, D‘^u) + Xa{x)\u\^~^u = 0, in H and u =/i on cAI, 
where u G C'(rf), h G (7(511) and inf^Q h > 0. 

We record an observation for (|7.2n and include a comment relevant to the eigenvalue problem 
for H when H is odd in X. 


Remark 7.1. (i) Let A > 0, a{x) be as in (|7.in and h G (7(50), inf^ h > 0. If u G (7(0), u > 0, 
solves 

H{Du, D^u) + Aa(x)|u|^“^u = 0, in O and u = h on 50, 
then u > inf^Q /i in O and is unique. These follow from Lemmas 14.21 and 15.31 We will show in 
Lemma 17.21 that for small A > 0 any solution u is necessarily positive. 

(ii) Suppose that H{p,—X) = —H{p,X), V(p,X) G M” x S^. We show that if (17.211 has a 
positive super-solution for some A > 0 then any solution of (17.2p is necessarily positive. Hence, 
if, for some A > 0, a solution changes sign, then (I7.2p has no positive super-solutions. 

Let V G (7(H), u > 0, solve H{Dv, D^v) + \a{x)v^ < 0, in H, and v >h on 5H. Let u be any 
solution of (|7.2n that changes sign in H. Set = {« < 0}. Take w = —u, then u) > 0, in H“, 
H{Dw, D‘^w) + Xa{x)w^ = 0, in H“, and tc = 0, on 5H“. Use Lemma 15.31 in every component of 
to conclude that sup^- w/v < snpg^-{'w/v) = 0. Thus, = 0 and u > 0. Lemma IT2] yields 
that V > infgcj h. Uniqueness follows from Lemma 15.31 □ 


Next, recalling (I7.ip and applying the estimates of Lemma [621 to a solution u of (17.21) . we get 


inih-a\vX \| inf u"| < u(x) < sup /i + ct| uA|supu+. 

9^ ^ an n 


where a and a are as in (II.9p . Setting A = u ^(cji?“) we obtain 

.lA /i\i\iA 

(7.3) 


inf h — 

an 


■U-l I inf u I < tt(x) < sup-(- 
Ay 90 


lAIV 

—- sup u 

Ay O 


Our next result discusses the influence of A on the solutions of ()7.2p . 

Lemma 7.2. Let a G (7(H) be as in ra and A be as in ( |7.7| ). Suppose that u G (7(H) solves 

H{Du, D^u) + Xa{x)\u\’^~^u = 0, in H, and u = h on 5H, 

where h G (7(5H). Set ki = inf^Q h and K 2 = supg^^ h. Then the following hold. 

(i) If X < 0 then min(0,«;i) <u< max(0,«;2) inH. // A = 0 then ki < u < K 2 in H. 
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(ii) If h = 0 and u is a non-zero solution then A > 0. (in) If 0 < X < A then 

1 - (A/A)Vfc - n ~ ^ ^ - n ~ I- (A/A)Vfc 
In particular, if h > 0 then ki < u < 0 k 2 , where 9 = {1 — (A/A)^/^)“^. Thus, if X > 0 is small 
and h > 0 then any solution u is positive in fi. 

Proof. We use Lemma [6Al We prove part (i). Let A < 0 and Q,~ = {x G 0 : u{x) < mm(0, ki)} 
be non-empty. Then H{Du,D‘^u) < 0, in and this contradicts Lemma IG.ll fiii. Next, if 
O'*" = {x G O : u{x) > max(0, A 2 )} is non-empty then H(Du, D'^u) > 0 in O"*". This contradicts 
Lemma l6.ll (i). Part (ii) now follows as a contrapositive of (i). To show (iii), we use (17.3D and 
conclude that 

infan h / . f ^ / supan h 

-— 77 -<mtu <u(x)<SUpU < - TTTTTTTr- 

1 - (A/A)Vfc - p - ^ ^ - n “ 1 - (A/A)Vfc 
If infap /i > 0 then infp = 0 and we obtain the final estimate in the lemma. □ 

We now show that if (17.2D has a positive super-solution then it has a super-solution for a 
slightly larger value of A and a sub-solution for a smaller value of A. 

Theorem 7.3. Let a G L^(H) be as xn (B, h G C{dLl), infap/i > 0, and A > 0. Suppose 
that u G L°°{Ll) and u > 0. Set d = infap h; define vg = {u — 6 'd)/{l — 9), VO < 0 < 1, and 
W 0 = {u -\- 9d)/{l 9), \/9 > 0. 

(i) If u ^ lsc{Q) solves H{Du,D‘^u) + Xa{x)u^ < 0, in Q, and u > h on dQ, then, for every 

(&/ supn u) 


0 < e < 9Xk 


0 < 0 < 1 , 


l-9{d/ supn u) 

the function ve solves H{Dve, D'^ve) -|- (A -|- e)a{x)v^ < 0, in Pi, and vg > h on dPl. 

(ii) Suppose that u G usc{Pl) solves H{Du, D^u) Xa{x)u^ > 0, in II, and u < h on dPl. For 
every 0 < e < A there is a 9 > d such that wg solves 

H{Dwg, D'^wg) -|- (A — e)a{x)wg > 0, in Pi, and wg < h on dPl. 

Proof. Set m = supn u. 

(i) Fix 0 < 0 < 1 and set rj = u — 91}. By Lemma l6.ll u > d, and > (1 — 9)d, in PI, and 
r/ > (1 — 9)h on dPl. Observe that (t — 9d)/t, t > d, is increasing in t. Calculating, 


H{DTy,D‘^r]) + {X-\-e)a{x)rf < a(x) |(A-|-e)!/*'— Au*'| = a(x)u^ < (A-|-e) ^ 


u — 9d 


- X 


< a{x)u^ < (A -(- e) 


m — 9d 


m 


-A^ <0, 


if we choose 0 < e < A — 9d) ^ — l|. Using the lower bound k{t — 1) < — 1, t > 1, we 

take 

{d/m) 


1 — 9{d/m) J ' 


0 < e < 9Xk 
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Using the homogeneity of H, V 0 {x) = r]/{l — 9) = (u — 9'9)/{l — 9), 0 < 9 < 1, \/x € Cl, solves 
H{Dvq, D'^vq) + (A + e)a(x)vg < 0, in Cl, and vq > h, on dCl. 

(ii) Let 0 < e < A be fixed and 0 > 0 to be determined. Set = u + 9'd, in Cl and calculate to 
obtain 


H{Dip,D^ip) + (A — e)a{x)ip'^ > a{x)u^ ( (A — — A ) = a{x)u'^ I (A — e) 


W' 


u + 9'd 


u 


-A 


> a{x)u^ {\ — e) 


m 


+ 9dy 


m 


- A > 0, 


if 9 is such that 0<e<A{(m + 9'9)^m ^ — l| . Clearly, wg > d, in n, and ijUg < h on dCl. □ 

We introduce a quantity that will be useful for the eigenvalue problem. Let <5 > 0 and A > 0. 
Consider the problem of finding a positive solution u\ G (7(0) of 

(7.4) H{Du\, D^ux) + Xa{x)\ux\^~^ux = 0, in Cl, and ua = <5 on dCl. 

Define 

(7.5) Ao = sup{A : (17.41) has a positive solution ua-}- 

We will show in Sections 8 and 9 that 0 < Ao < oo. For the next result we assume this fact. 

Theorem 7.4. Suppose that A^ > 0, 'where A^ is as m ra and 0 < A < Aq. Let a € C(0) he 
as in and ux > 0 be a solution of Then the follo'wing hold. 

(i) The solution ux is unique and ux > S. (ii) For ever'y x G Cl, the function ux{x) increases 
as A increases, (in) Call 'mx = sup^j ux. If 0 < Xq < oo then 

kX 


mx > S(1 + 


, 0 < X< Xn. 


Ao-A, 

Thus, mx —>-00 as A —Aq . 

(iv) The set of X’s for which \I.4\) has a positive solution is the interval [0, A^). 

Proof. Parts (i) and (ii) follow from Remark 17.11 and Theorem 11.11 We use Theorem 17.31 (i) to 
prove part (hi). To see this, let ux be the solution of (j7.4|) for some X < Xq. Let 0 < 0 < 1 and e 
be as in part (i) of Theorem 17.31 Then 

Clearly, A + e < An. Letting 9 f 1 , 

a„-a>aU 


1 - {6/mx)J ' 

Rearranging, we obtain the estimate in part (iii). 

For part (iv), let A < An and (I7.4p have a solution ux- If 0 < A < A then H{Dux,D‘^u) + 
Xa{x)ux{x)^ < 0, with ua = 5 on dCl. Thus, ux is super-solution and u = 5 is a sub-solution. By 
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Lemma 15.31 and Remark 12.11 the problem H{Dw,D‘^w) + Xa{x)w^ = 0, in 11, with w = 5, has a 
positive solution. 

From Theorem R.Sl iL vq is a super-solution of (|7.4p with A + e and vq = 5 on dQ. Also, the 
function u = 5 is a sub-solution in H. By Lemma 15.31 and Remark 12.11 there is a positive solution 
of H{Dw, D^w) -I- (A -|- e)a{x)w^ = 0, in H, and in = (5 on cAl. □ 

Theorem 17.31 will be instrumental for proving Theorem 11.31 We now show that u\, a solution 
of ()7.4I) . is an increasing Lipschitz continuous function of A, for 0 < A < Aq. 


Proof of Theorem 11.31 


Proof. By Theorem 17.41 (iv), A is an interior point. Fix A and x € H. Thus, (|1.19p has a unique 
positive solution u\ and by Theorem ll.il Vx{X) = ux{x) is non-decreasing in A. Set Mx = supuA- 
We make repeated use of Theorem 17.31 (i). Recall that if ux solves (I1.19P then for 0 < 0 < 1 
and 0 < e < 6kX{6/Mx) there is a solution ux+e > 0 of 

(7.6) H{Dux+e, D'^ux+e) + (A e)a{x)ux+e = 0, in H, and ux+e = 

Also, w(x) = (ux — 0(1)(1 — is a super-solution of (I7.6p . and by Lemma [531 


(7.7) 


Ux+e < in, in Q. 


Upper Bound By (I7.6p and (|7.7p . for 0 < 0 < 1 and 0 < e < 9kX{6/Mx), we have 

ux{x) — 66 Vx{X) — 96 


VxiX e) = ux+eix) < 


1 - 


1-9 


Taking e = k9Xo{6/Mx), 9 small, we get 

^ VxjX + g) - VxjX) ^ 9{vx{X) - 6) _ / VxjX) - 6 
s - {l-9)s ~ \k6 J X{l-9) 

Thus, the right hand derivative D^Vx{X) < {Mx/k6){vx{X) — 6)/X, by letting 0—5-0. 

We now compute the left hand derivative Df^Mx as follows. Fix 0 < 0 < 1, small, and choose 
A < A such that (see ra and (ITTIL 


(7.8) a = a(i-*: 9(A)) and ^ 

Thus, A = A -|- e. Observe that Vx{X) < Vx{X) and < Mx- 

Using (j7.7p . (j7.8p . Theorem 17.41 and Lemma [AS] yield Ua;(A-|-e) = Vx{X) < {vx{X) — 96)/{l — 9), 
and 

Q ^ n 3 ,(A-kg) - VxjX) _ VxjX) - VxjX) ^ 9{vx{X) - 96) ^ VxjX) - 6 

e e ~ e{l - 9) ~ \ k6) X(i - e) ' 

Letting 0 —>■ 0, we get DfVx{X) < {Mx/k6){vx{X) — 6)/X. Clearly, Vx{X) is Lipschitz continuous 
for fixed x and <5 > 0. The upper bound in the theorem holds. 
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Lower Bound. Let 0 < Ai < A 2 < Afj. Using (11.191) . Remark 15.51 and Lemma 15.61 

Vx{>^i)/5 < {vx{\ 2 )/^Y, where r = (Ai/A 2 )^/^ < 1. 

We obtain log(t;a;(Ai)/(5) < r log(r;a:(A2)/(5) Subtracting r log(ua;(A)/(5) from both sides, rearrang¬ 
ing and noting that Vx{X) is Lipschitz continuous, we see that 

log(Ua,(A2)/(5) - log(Ua:(Ai)/(5) 


> 


' ^1/k _ ^1/k ' 

Yy\x2-xi), 


log{vx{Xi)/6). 


X2 — Ai 

The conclusion follows by letting A 2 —>■ Ai. 

Remark 7.5. The above theorem holds if Vx{X) is replaced by Mx = supu 3 ;(A). □ 


□ 


8. Existence: Proofs of Theorems 11.41 and 11.51 

We now present the proof of Theorem ll.4l and show the existence of a solution of (17.21) . for small 
A > 0 which in turn will imply that Aq > 0. This is done by constructing suitable sub-solutions 
and super-solutions. The two cases in (11.101) are addressed separately. 

Proof of Theorem II.41 Set 

u = supa(x), m = inf h, fh = sup h, R = diam(Q), and assume that m > 0 and u < 00 . 
xeo dn 


Using (12.61) and (|2.7|) . we construct suitable sub-solutions and super-solutions to achieve our goal. 

Fix y G dn and e > 0, small, be such that m — 2e > 0. Let r = \x — y\. By continuity, there is 
a rj > 0 such that 

(8.1) h{y) — e < h{x) < h{y) + e, Vx G B^y) n dfl. 

Case (a): Suppose that (ll.lOp i'ii holds. Fix (3 = 2 — 8. Let = c ± dr^ where c > 0 and 
d > 0. By (II. 8 p and (12. 6 p . 

(8.2) H (L>u+,L»\+) < < 0, and H [Dv~,D‘^v~) > ^^\m 2 {s)\ > 0. 

Note that 0</3<l,A; = A:i-|-A: 2,7 = /ci-|- 2k2 and 7 — /c/3 > 0, see (II.9p . 

We construct a sub-solution v. We assume that h{y) > m, otherwise we take v(x) = m in Q. 
Note that h(y) — s — (m/ 2 ) > 0. Set r = \x — y\ and 

Kv) - e - (Hv) - ^ - m/2) {r/rj)^ , in B^y) n 0 , 
m/ 2 , in n \ Bj^(y). 

Then v~{y) = h{y) — e, v~ = m/2, on dR^(?/), and m/2 < v~{x) < h{y) — e, in n. 

Applying (j8.2p . we obtain that H{Dv~,D‘^v~) > 0 and v~ is a sub-solution of (11.211) in 
Brj{y) n n. Also, v~ is a sub-solution in \ B^iy) and by (18.11) v~ <h on dVL. To show that v~ 
is a sub-solution in fl, let p G dB^y) fl Q. and 1 / G be such that {v~ — < {v~ — Y){p)- 

Since v~{p) = m /2 and v~{x) > v~{p), we get 0 < {D'ip{p),x — p) + o(|x — p\) as x —>■ p. 


(8.3) 


V (x) = 
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It follows that Dijj^p) = 0 and a second order expansion shows that D‘^'ijj{p) > 0. Clearly, 
H{Dip{p), D'^il^ijp)) + Xa{p){v~(p))’^ > 0. 

Next, we construct a super-solution We assume that h{y) < fh, otherwise take = m 

in n. For a fixed 0 < 0 < 1, let A = 0\m2{s)\{2 — Set r = \x — y\ and 

{x) = h{y) + e + dr^, in Q, 


where (3 = 2 — 8 and 


d > max 


2m — h{y) — e 2m0^^^ \ 

^ ’ (1 - 6»Vfc)i?/3 1 • 


It is easy to see that v~^{y) = h{y) -|- e, > 2m, on 12 \ Bn{y), and by (j 8 .ip v~^ > h on 512. Set 
c = h{y) + e, and observing that 7 — A:/? > 0, we calculate, using the value of A, 


H{Dv^, D'^v^) + Aa(x)(u+)*^ < Au(c -h dR^)^ - ■^:^\m 2 {s)\ 


= (c + dR^f Au - 


/3^|m2(s)| / dR^ 


R'r 


c + dRf^ 


< (c + dR^)’^ Au - 


(3^\m2{s)\ ( dR^ 


R-y 


2m -|- dR^ 


<(c + dii'>)MA.-h»'|=0. 


where we have used 2/(1 + t), t > 0, is increasing in t and dR^ > 2mQ^I^{\ — Thus, u"*“ 

is a super-solution. Lemma 15.31 and Remark 12.11 imply existence of a solution u of (11.2111 . 

Case (b): Let (jl.lOll (ii) hold i.e, 12 satisfies a uniform outer ball condition. Call 2p as the 
optimal radius. Let z G M" be such that B 2 p{z) C M” \ 12 and y G dB 2 p{z) n 512. Choose rj < p- 
Using (12.7p fix/3>s — 2>0 and s = (3 + 2. Taking = c ± dr~^ ^ 


(8.4) if (^2^;+,^22^;+) > 


{dpY\m2{s)\ 


> 0, and H (Z2u , D^v ) < — 


{d(3)^\m2is)\ 


< 0 . 


,pkfi+'y ’ V ’ / — .pkfi+'y 

We construct a sub-solution as follows. Let p, on the segment yz, be such that \y — p\ = 7 / 4 . 
Clearly, 12 D {Bj^/ 2 {p) \ Bpii{p)) is a non-empty open set. Set r = \x — p\. 

Assume that h{y) > m and m — 2e > 0. We take v~{x) = c + dr~l^ in B^i 2 {p), where 


4/^d 


c = h{y) — e —and d = rj 


_ a ( Kv) - g - ("^/2) 


7 


4/3 - 2P 


> 0 . 


Thus, V (y) = V (7/4) = h{y) — £, v (x) = m/2, on dB^/ 2 {p)i m/2 < v < h{y) — £. Extend 

v~ = m/2 in 12 \ R^/ 2 (p). 

By (|8^ . H{Dv~,D‘^v~) -h Xa{x){v~)^ > 0, in B^/ 2 {p) C 12. Since 5 ^ 72 ( 7 ) C Bp{y), ([8T|) 
implies v~ < h on 512. The proof that v~ is a sub-solution in 12 is similar to that in Case (a). 
We construct super solutions as follows. Take 0 < 0 < 1 and 
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Recalling the outer ball condition, select q on the segment yz such that \q — y\ = p and set 
r = \x — q\. There is a p > p such that Bp{q) fl C B^^y) fl bl (2p is the optimal radius). Set 
v~^{x) = c — dr~^, where 


c = h{y )+£-\—and d > max 


(pp)^(2m — h{y) — e) 1 

pP — pP ’ 1 — 9^/^ J 


Clearly, u+(y) = v'^{p) = h{y) +e, > 2m, in Q\Rp(p), and (|8.1I) implies v~^ > h on dQ. Next, 

using (I8.4I1 . (I8.5P and dp ^ > 2m9^/^{l — 9^/^) we calculate, in fl \ Bp{q), 

H{Dv^,D‘^v^) + Xa{x){v^)^ < Az.^(c - dr“^)^ - 


< 


< 


d(2m + 

y ! R1 \r) RkP+l 




Ry 


RJ 


Rkp+j 

dp~^ 

2m + dp“^ 


< 0 . 


Thus, v~^ is a super-solution and Lemma 15.31 and Eemark 12.11 imply existence. □ 


Remark 8.1. The proof of Theorem ll. 41 shows that, unlike the super-solutions, the constructions 
of the sub-solutions in Cases (a) and (b) are independent of A for A > 0. Also, the upper bounds 
for A in the two cases do not depend on the boundary data h. □ 

We show a domain monotonicity property of Ao (see (I7.5p i i.e, if fl C fl then Xq < A^/. We 
use this in proving Theorem 11.51 This is shown for any subdomain if (jl.lOl) (i) holds and for any 
subdomain that satisfies a uniform outer ball condition if (jl.lOp (ii) holds, see (jl.20p . 

Lemma 8.2. Let fl <zLL he a sub-domain. Suppose that A > 0, d > 0 and a € C'(fl)nL°°(fl), a > 
0. Assume that for some 0 < A < oo the problem 

(8.6) H{Du, D^u) Aa(x)|u|^“^u = 0, in fl, and u = 5 on dLl, 

has a positive solution u G (7(0). Then the problem H{Dv, D^v) X- Ao(x)|u|^“^u = 0, in Li', and 
V = 6 on dLl , has a positive solution v G C{Ll'). 

Proof. By Theorem 11.41 and (17.5|) . A^' > 0. Assume that A^/ < oo otherwise the lemma holds. 

Suppose that (18.6p has a solution for A > Xqi . By Theorem 17.41 fivl and (I7.5p . for any 0 < A < 
Xqi , there is a solution v^ G C'(fl'), > 0, of 

H{Dv^, D^v^) -|- Xa{x)v^ = 0, in fl^, and = d on dLl'. 

By Theorem 17.41 fib u > d on dLl'. Applying Theorem 11.11 in fl^, <u for every A^ G (0,Af^'). 
Since u is bounded, this contradicts Theorem l7.4r iiiL The claim holds and A < A^^/. □ 
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Remark 8.3. Take h € C{dVl) with h > 0. For some A > 0, let u > 0 solve H{Du, D'^u) + 
Xa{x)u^ = 0, in hi, and u = h on dO.. Recall Aq from (|7.5n and let X > Xn- For every t < Xq, 
let vt > 0 solve H{Dvt, D‘^vt) + ta{x)v^ = 0, in hi, and vt = infgn h on By Theorem 11.11 
vt < u, Vt. This contradicts Theorem I7.4lf iiil. Thus, H{Dw, D‘^w) + Xa{x)w^ = 0, in hi and 
rc = (5 > 0, on dfl has a solution. □ 


We now prove Theorem 11.51 and show that Xq in (ESI) is independent of the data h E 
C(5hl), h > 0. See Remark l8.II 

Proof of Theorem 11.51 Let A > 0 such that there is a solution u E C'(hl), tt > 0, of 
H{Du, D'^u) + Xa{x)u^ = 0, in hi, and u = (5 on 9hl. We show that 

(8.7) H{Dv,D‘^v) + Xa{x)v^ = 0, in hi, and v = h on di}, 

can be solved for any boundary data h E C{dQ) with infgn h > 0. 

By Remark 18.11 the sub-solutions in Theorem 11.41 can be utilized here. Thus, our effort is to 
construct super-solutions to (18.71) for a given h. Set 


v = supa(x), m = inf h, m = sup/i, and R = diam(hl); assume that m > 0 and v < oo. 

xgu 9^ an 

Fix y E dXl. Let e > 0 such that s < m/2. Let ryo > 0 be such that for 0 < ry < ryo. 


(8.8) h{y) — e < h{x) < h{y) + e, Vx E Bj^{y) n dO.. 

Let u solve (j8.7l) with 6 = 2m and call M = sup^ u. Set 11^ = fl \ Brj{y). By Lemma [821 there 
is a unique solution (/ > 0 of 

(8.9) H{D(j),D^(j)) + Xa{x)4>^ = 0, in 11^, and cf) = 2fh on 512^. 


By Lemma f6.ll u > 2m on (911^. Using Lemma [5.3l (18.9p . Lemmas 14.21 and 16.11 2m < 4> < u < M, 
for any ly > 0, small. 

Case (a): Suppose that (jl.lOp (i) holds and U is any domain. Set r = |x — y| and 

yP _ 

(8.10) (t){x) = h{y) + e + {2m-h{y)-e)^, in 5^(y/) n U, 

where /3 = 2 — s, see (II.IOD . Recalling (|8.9D and (|8.1Up . we define 


( 8 . 11 ) 


w{x) 


(/(x), Vx E U,,, 

(^(x), Vx E Bn{y) n U. 


Note that w E C'(U), w{y) = h{y) + w = 2m, on dB^jiy), and w > h on diX. Our goal is to 
choose 0 < 1] < r]o (see (I8.8l) i such that tc is a super-solution in U. By (l2.6p falso see (I8.2p i there 
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is an r]i € (0, r]o] such that in B^^y) n V?? G (0, r/i], we have 


H{DcP,D^^) + Xa{x) 


< Xvcj) — 


2m — h{y) — e\ /3^|m2(s)| 

(3 j ^■y-k/3 


r}> 


( 8 . 12 ) 


< Xv{2m)^ — (2m — h{y) — e) 


k /3 ^\m2is)\ 

ry7 


< 0 . 


Here we have used 0 < r < y and 7 — A:/? > 0. We show that u; is a super-solution on dBn{y) fl H 
implying that tc is a super-solution in H. Our idea is to choose a value of rj so that d^/dr{ri) 
exceeds the radial rate of increase ol (j) on r = y. 

We now estimate (j) (in on dBrj{y), from above. Note 2m < 4> < M (see (|8.9l) i. Set 

2(2M - 2m) \ 


(8.13) 


9={l + 


2M — 2m 


2m — h{y) — e 

where /? = 2 — s, see (jl.lOjl fi). In 7 < r < 6r], set 

ipix) = 2m + d{r^ — rj^)^ where d= „ „ 

rjP{0P — Ij 

Clearly, ^|J = 2m, on r = y, ijj = 2M, on r = 9y, and 2m < ip < 2M. Using (I8.13p . 

2M-2m 2m-h{y)-£ 

^ „g(0g -1) ^-V-■ 

We choose 72 G (0,71] so that ip is a super-solution in y < r < 9y, for any y G (0,72]. This would 
then imply by Lemma 15.31 that (p < ip, in y < r < 9y. Employing 7 — A:/3 > 0, (12.6|) and (I8.14p 

H{D^P, D^iP) + Xa{x)p:^ < Xv{2Mf - (^/^)^^2(s)| ^ Xv{2Mf - 


= Xv{2Mf- 


2M — 2m\^ Id^\m2{s)\ 


{dy^ I3)^\m2{s)\ 

0UU 


< 0 , 


0d -I J OirjP 

if 0 < 77 < 7^2 < are small enough. Thus, (18.8p and (|8.12p hold and this gives us the 

desired cp, cp and the upper bound ip. 

We show that 77; is a super-solution. Let p ^ C'^ he such that w — ip has a minimum at some 
p G dBr/iy) n H. Then (i) ip{x) — ip{p) < w{x) — w{p) = p{x) — p{p) < 0, Vx G Br^{y) (H H, and 
(ii) ip{x) — ip{p) < w(x) — w{p) < p{x) — ipip), Vx G Xlrj- Using (|8.10l) and (|8.14l) . these yield, 

'2fh — h{y) — e' 


^{p) > p'{y-) = p and ^{p) < ip'{y+) = (3 


2y 


This is a contradiction and tc is a super-solution in XI. Lemma 15.31 and Remark 12.11 imply the 
existence of a solution of (jl.22|] . 

Case (b): Assume that (jl.lOp (ii) holds and XI satisfies a uniform outer ball condition. Fix 
y G dXd and e > 0, small. Let p > 0 and z G M" be such that Bp{z) C M"\H and y G dBp{z)ridX}. 
Set r = |x — 2;|. We modify (|8.8p as follows. We choose yo > 0, small, such that for 0 < 77 < 770, 
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The ideas are similar to those in Case (a). Define = D \ and note that satisfies a 

uniform outer ball condition. For rj € (0,r7o], to be determined, there is a solution (/> > 0 of 

(8.15) + Xa{x)4>^ = 0, in and cj) = 2m on 

by our hypothesis and Lemma [82J As noted in (j8.9|) . 2m < cj) < M. 

Call Ap = {x £ Q : p < \x — z\ < p + p}- We fix /3 > s — 2 and s = /3 + 2, and define 


(8.16) 


4 i{x) = h{y) + e + 


2m — h{y) — e 

p-0 - {p + p)~^ J \pl^ 


1 1 , 

— -£:p], P<r<p + p. 


It is clear that </>(?/) = h{y) + £,(/> = 2m on r = p + p, and h{y) + e < 4> < 2m. Using (|8.15p and 
(j8.16p . we define 

17 ^ r \ S ^ ^' 7 ’ 

^ w TT 

[ 4 >{x), ^X £ Arp 

As done in Case (a), we will select r/ > 0 such that tc is a super-solution in D. Clearly, w{y) = 
h{y) + e and w >h on d^l. Using (|2.7p (see (|8.4l) i in A^, i.e., p < r < p + p, 


k ^ P \m 2 {s)\ f 2 m-h{y)-e 


H{D(I),D (j)) + Xa{x)(j) < Au(2m)- 

/3^|m2(s)| 


< Xv{2fhf - 


p~^ - {p + p)~^ 
2m — h{y) — e 


{p + pY^^'^ \P f^ — {p + p) ^ 
Thus, is a super-solution in A^, A p £ (0, ? 7 i], for some 0 < ? 7 i < 770 , small. 

Next we choose 0 < 772 < i/i so that, for 0 < 77 < 772 , the quantity 


(8.18) 


K = 


2m — h{y) — e 
{p + pf - p<^ J V 2(2M - 2m) 


> 1 . 


We calculate an upper bound for ()) in n Bp^ 0 p{z), where 0 > 1 is to be determined. We take 


2M - 2m 


—\], p + p<r<p + 6p. 


(8.19) V(x) = 2,n + ^ ^ J 

Then 7/1 = 2fh, on r = p + p, and 7 /^ = 2M, on r = p + Op. We calculate 9 by requiring that 
^ {p + p) > i)' {p + p)^ in particular, we impose that 


2M - 2fh 


{p + p)-P - {p + 0p)-P 
see P8.16I) and (I8.17p . Rearranging and recalling (I8.18p . 


{p + OpY 


0/3 


2m — h{y) — e 
p~^ - ip + p)~^ 

2fh — h{y) — e 


= K. 


{p + OpY — {p + pY \{p + pY ~ P^ j \ 2(2M — 2m) 

By (|8.15p . {p + OpY = K{p + pY/{K — 1 ). Clearly, 9 = 9{p) > 1 if 0 < 77 < 772 . 

We now show that 7/1 is super-solution in/?-|-r 7 <r<p-|- 9p, if p is small enough. Using (j2.7h 

H{D'iP,D‘^i;) + Xa{x)i;^ <Xv{ 2 MY - ^ 2M - 2m P^\m 2 {s)\ 


{p + pY^ — {p + 9p)~^ J {p + 9pY^~^'^ 
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Thus, ijj is a super-solution if 77 € ( 0 , 173 ], where rj^ E ( 0 , 772 ], small. This determines 9. As done 
in Case (a), tu is a super-solution in Q. Lemma 15.31 and Remark 12.11 imply existence. □ 

9. Boundedness of Xq: Proof of Theorem 11.61 

In this section, we show that Aq is bounded, see Theorem 17.41 In the first part of the proof we 
assume that (ll.lOp fil holds and impose conditions A, B and C. In the second part we address 
the case (|1.10p (ii) and conditions A, B, C and L)(radial symmetry) are assumed. 

Let a{x) E C{Q) n inf^ a > 0, and <5 > 0; we consider the problem 

(9.1) H{Du, D‘^u) + Xa{x)\u\’^~^u = 0, in H and u = 5 on 90. 

We recall the definition of Aq: 

(9.2) Aq = sup{A : (|9.in has a positive solution}. 

By Theorem 17.41 if 0 < A < Aq in (19. ip then u E C'(fl), u > 6, and u is unique. 

Remark 9.1. Let b E (7(11) with a{x) < b{x), Vx E XI. For some A > 0, let u E C{Xl) solve 

H{Dv, D^v) -|- Xb{x)\v\’^~^v = 0, in 11, u > 0 and u = d on dXl. 

Then (19.11) has a solution u > 0 for A. Note that v is super-solution of (|9.ip . i.e., H{Dv, D'^v) + 
Aa(x)|u|^“^ 7 ; < 0, in II, and u = d on 511. Also, re = d is a sub-solution of (|9.1I) . By Lemma [531 
and Remark EH there is solution w < u < v of (19. ip for A. Let Aq(c) be the bound in (19.2p for 
the weight function c(x) then 

(9.3) Xo{b) < Xn{a), for a(x) < b{x), Vx E II. □ 

We now prove Theorem 11.61 

Proof of Theorem 11.61 Set fj, = inf 2 ;gQa(x) and assume that 77 > 0. Let Bji{y), where 

y ^ XI, denote an in-ball of H. Call B = BR{y). By Lemma [521 if 0 < A < An then 0 < A < A^. 

Consider the problem 

(9.4) H{Dv,D‘^v) -|- Xy,v^ = 0, in B, and u = <5 on dB. 

By (19.3p . if (19.11) has a solution on B for some A > 0 then (19. 4p has a positive solution since 

As(/ 7 ) > As (a). Thus, if we show that As ( 77 ) < 00 then An(o) < 00 . We set 

A = A 77 and As = 77 As(/ 7 ). 

We assume that As = 00 and derive a contradiction. 

Let Ai > 0 and recall that k = ki + k 2 and 'y = ki + 2 /^ 2 , see ()1.4I) . Set Xe = PXi, i = 1 , 2 , ■ ■ ■ . 
By Theorem 17.41 there is an ui E C{B), ui > 0, that solves 

(9.5) H{Du£, D'^ui) + Xiu^ = 0 in B, and U£ = 6i on dB, \/ i = 1,2, ■ ■ ■ , 
where <5^ > 0 is so chosen that Ui{y) = 1 . 
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For each (19.41) has a unique solution > 0 in i? with = 1 on dB. Thus by Lemma 15.31 
Ui/ve < Si and vi/ui < IjSi implying ui = S^vi ^ 0. This shows that 5i > 0. 

Step 1 : We show that 5i decreases to zero. Recall from (|1.9I) that a = '^/k. For = 1,2, ■ ■ ■ , 
set n = i.e, n = {Ijil + 1))" . 

Applying Remark I5.5r iil and Lemma [TU n£(x)[n£+i(x)]“'^^ < . Taking x = y, we 

have < bi implying “ < {biY Iterating 

(9.6) 0 < < ... < 

Since di < 1, the claim follows by letting i ^ oo. 

Step 2 : We employ scaling. For V£ = 1, 2, ■ • ■ , call Ri = iR and V£{z) = Ui{x), Vz € 
where z = y + ^(x — y). Then H{Dui, D‘^ue) = PH{Dvi, D'^vi), Xi = XiP and (19.5|) imply that 

(9.7) H{Dvi,D‘^ve) + XiVg = 0, in BrYv), and Vi{Re) = bi. 

Moreover, Vi{y) = Ui{y) = 1. Call B^ = Bn^y)- 


We address (|l.lUp (i) and (ii) separately. Set r = |x — y| and recall ( 12 . 6 p and ( 12 .7p . 

Case (a): Suppose that (|l.lUp lil holds; fix /3 = 2 — s where 0 < /? < 1. For m, large, take 


Wm{x) = Wm{r) 


1 

2 


- (1 - bra) 



0 <r < Rm- 


Note that Wm{y) = 1/2 and Wm{Rm) = bral‘^- Moreover, w > 0 and the calculation in p2.6|) 
shows that H{DwrmD^Wm) + > 0, in BR^{y) \ {y}. Applying Lemma [5^ to Wm and Vm 

in Bm \ {y}, we see that 


(9.8) 


Wm{x) ^ Vm,{x)/2, Vx S Bm{y)- 


Step a(i) : Let 1 < £ < m. Applying Lemma 15.31 we see that 


veix) 


< 


, Vmix) SUP{^=^ }Um „ ^ „ 
and — ^ ^ -, Vx G Bi. 


Vmix) inf{^=^^| Vm Veix) 

Taking x = y in the above inequality, we get infj^=^^} Vm < be < supj^^^^j. Vm- Using (19.81) . we 
obtain that for each i < m, 

WmiRe) < bel2. 


Step a(ii) : Taking m = 21, recalling that R 2 e = 27?^, using Step a(i) and Step 2, we obtain 
that 


^ 1 — <52r ^ 

2 V ^ J 


w2eiRe) < 


inf{r=ij^} V2e 
2 



Letting 7 —oo, we obtain a contradiction to (19.61) . 

Case (b): Assume that (ll.lUp liil holds. Fix (3 = 8 — 2, where s > s. We impose conditions 
A, B, C and D. See Remark l9.2l in this context. By condition D, H is invariant under rotations. 
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Step b(i) : Using condition D, Lemma 15.31 implies that is radial, see Step 2. By Lemma 
16.11 V(,{r) > V£{p), for 0 < r < p < Ri. Thus, Vi{r) is non-increasing and supt>£ = Vi{y) = 1. 

Step b(ii): Let 1 < i < m, applying Lemma 15.31 in Bi we obtain that 

.. _ Vmio) ^ VmiRi) , _ Vl{o) ^ 6i 

~ ve{o) - 6e '''' ~ Vm{o) - v^Y 

Clearly, Vm{Ri) = Lemma [531 implies that Vm = V£, in Thus, Vm extends V£ to Bm- 

Step b(iii): We claim that the decay estimate in Step 1 can not hold, leading to a contradiction 
and thus proving that Xq < oo. We proceed as follows. By Step b(i), there is a 0 < p < i? such 
that for any i, V£ > 1/2, in Bp{y). Consider the function 

1 / r~^ — R~^\ 

^(x) = - I + (1 - ^ I , V p<r < R 2 £. 

^ V P ^ - ^21 } 

Using (j2.7p . + Xvuj^ > 0, in p < r < R 2 £. Since oj{p) = \l‘l and oj{R 2 £) = 52^/2, 

applying Lemmain Br^^ \ Bp{y) we see that u}{x) < V 2 £{x), in p < r < R 2 £. Recall Steps 1, 
2 and Step b(ii), and take r = Ri to find 

^<uj{R£)<V2£iR£) = 5£<{6iYY 

where C > 0, depends on 13, p and R. Letting £ —>■ oo, we obtain a contradiction. □ 

Remark 9.2. In Case (b), condition D is not required if non-negative super-solutions w i.e, 
H{Dw, D‘^w) < 0, satisfy a Harnack inequality i.e, inf 5 ^( 2 )rc > Csup^^j-^) rc, where C is a 
universal constant and B 4 ^s{z) C B. In Step b(iii), \/i, V£{x) > C, Vx € Bp{y), with 0 < p < R/8. 
Apply Steps a(i), (ii) and b(iii) to get a proof. Also, the proof works if w satisfies a modulus of 
continuity depending on suptc. □ 

10. Existence of a positive first eigenfunction 

This section has two sub-sections. In Sub-section I, we show the existence of a positive eigen¬ 
function on a general domain when (|1.10lh ii holds and conditions A, B and C apply. In Sub¬ 
section II, we discuss (ll.lOp fiil. impose conditions A, B, C and D and take U to be a ball. 

Sub-section I: Let Q. C MA be any bounded domain and assume that (ll.lOp (i) holds. Fix 
f3 = 2 — s, 0</3<l, recall (12. 6 p and take a G C(Q) fl inf^ a > 0. See [H [5l l 6 l ITT]. 

Lemma 10.1. fThe Harnack inequality and Holder Continuity) Let w G Isc(Q) nL°°(Q), w > 0, 
solve H{Dw, D'^w) -|-Aa(x)|r(;|^“^r(; < 0, in U. For any y G XI and R> 0 such that Bm{y) C U, 
we have a universal constant C > 0 such that 

and |t(;(x) — w{z)\ < {3R)~^{ sup t(;)|x — , 'ix,z G Bji{y). 

Bniy) 


sup w < C inf w, 
BrIv) ^R(y) 
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Proof. Let w{y) > 0, for some y G and Bmiy) C O. Set A = B^ri{y) \ {y}, t = \x — y\ and 

if{x) = w{y) (l - r^{4:R)-^^ , in B^niy). 

Thus, ifiy) = w{y), i/' = 0, on dBiPi{y) and by (12. 6 p . H {Df:, fj) > 0 in Clearly, on dA, 
inf(r(; — ip) = 0. If inf^(ti; — i/^) < 0 and p G ^ is a point of minimum then H{D'ip[p), D‘^'ip{p)) + 
Xa{p)\w{p)\^~^w{z) > 0, which is a contradiction .Thus, w{x) > 'ip{x) > 0, in Biji{y). 

Observing that for any z G BR{y), Bii{y) C B 2 r{z) and arguing as above, 

( 10 . 1 ) w{x) > w(z) — |x — z\^{3R)~^'^ for any x, z G BR{y). 

Since \x — z\ < 2R, the claim holds. To show the Holder continuity of w, we write (|10.1I) as 

w{z) — w{x) < w{z)\x — zf{3R)~^ < {3R)~^{ sup w)\x — z\^. 

BR{y) 

Taking x G BR{y) and replacing x by z, we get the claim. □ 

Proof of Theorem ll.7lf iL Let ^ 0 cHid A^, £ — 1,2, ‘ ■ be ctn incrccising scqugiic© such, 

that lim£_j.oo For each there is a unique positive G (^(Q) such that 

H{Du£,D‘^Ui) + X^a{x)v!l = 0 , in H, and ui = 6, on dfi. 

Set Oi = sup^tt^. By Theorem 17.41 \\m.i^ooGe = oo- Calling vi = uijOi, we see that supu^ = 1 
and vi\qq, —>■ 0. By Lemma llO. 11 there is a sub-sequence Vm and a function v G C(f}) such that 
Vm converges uniformly to v on compact subsets. Thus, 

V >0, supu = 1 and lim Vm = lim -z— = 0 on dXl. 

Q m—>-cxD m^oo 0^ 

(a) We show that H{Dv, D'^v) + XQa(x)v^ = 0 in fl. Let cp G C‘^ and p G H be such that v — (p 
has a minimum at p. Set B^ = B^{p), for e > 0, small. Let H be a compact sub-domain of fl 
containing B^. Set d =dist(p, 911), k = max(3, 3d~^) and = (p{x) — k\x —pp^. Take m, large, so 
that supf^ \vm — v\ < on Then 

Vra{x) - -Ipix) > A;|x -p|^ {Vm “ v){x) + {v - Vm){p) + (Vm “ V’)(p)- 


Noting that Vm — 'ip > {vm — '4’) (p), on Q,\ B^, Vm — 'ip has a minimum at some pm G B^, and 
H{D'ip{pm),D‘^ip{pm))+Xma{pm)vm{Pm)^ < 0. Letting 6 0, H{Dcp{p),D‘^(p{p))+Xna{p)v{p)^ < 

0. The proof that u is a sub-solution is similar. 

(b) We show that v G (7(11). Let y G dkl and set r = \x — y\. Recalling (11.101) (i) and (12. 6p . 
take w^lx) = e -f (1 — e){r/p)^, in Bp{y), where 0 < e < 1/4 is small and p is to be determined. 
Set u = supQ a and recall that 'y — kf3 > 0. There is a p > 0, small and independent of s so that 

H{Dw,.D^w,) + Xa{x)u{ < A. - < 0, 0 < r < p. 


pkPj-l-kp 


P’ 
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Also, £ < We < 1, and, for large m, > Vm on d{QriBp{y)). By Lemma (5?^ > Vm, in Bp{y)r\ 
Q. Letting m —>■ oo, Wg > u, in n D Bp{y). Clearly, 0 < liminfj;-).^ r;(x) < limsup 3 ,_^y r;(x) < 
We{y) = e. Since e is arbitrary, v{y) = 0 and v € (7(0). 

(c) Next,we show that u > 0 in O. Let p G O be such that v(p) = 1. Recall from (b) the bound 
V < w = (rjp)^, in Bp{y) PI 0. Clearly, if we take r = /9/2, we have u < 1. Thus, p is at least p/l 
away from 50. We now apply Harnack’s inequality in Lemma llO.ll to conclude u > 0 in O. □ 

Sub-section II: Assume that (ll.lDD fiil holds. We take O to be the ball Br{o), where i? > 0, 
and prove the existence of a positive radial first eigenfunction. Set Xr = r = |x|, Vx € M” 

and take a{x) = l,Vx G 0. We impose conditions A, B, C and D. As observed in Step b(i) of 
Theorem 11.61 there is a u G C{Br(o)), v > 0, radial and non-increasing in r, that solves 

(10.2) H{Dv,D‘^v) + Xv^ = 0, in Br{o), v = 5 on dBR{o), and 0 < A < Xr. 

Scaling property. For 0 < Ri < R 2 , set Bi = Br^{o), i = 1,2. By Lemma [521 ^Ri > ^R 2 - 
Let u be the solution of (110.2^ in Bi, for some 0 < A < Xr^. Define v{y) = u{x), \/y G B 2 , where 
y = sx, where s = R 2 /Ri- As 7 = fci -|- 2/^2, we have H(Du, D'^u) = s'^H{Dv, D'^v) and 

H{Dv, D^v) + s~'^Xv^ = 0, in B 2 , and x = (5, on 5i?2- 

By (|9.2I) and Theorem 17.41 livl. Ar^ = s'^Xr^ 

(10.3) Xr,RJ = Xr,RI 

We now show existence of a first eigenfunction on a ball. Set r = |x|, Vx G M”. Call B = Br{o). 
Step 1: Fix 5 ^ 0, 0 ^ A ^ Xr and let u — uiv^ G Ci^B'j^ u ^ 0, be the unique solution of 

H{Du, D^u) + Xu^ = 0, in B, u{R) = 5 and u{o) = 1. 

Set R = {Xr/ Xy/'^ R. By (I10.3|l . Xp^ = X, R > R and A is the first eigenvalue of H on Bj^{o). 

Step 2: Let be a decreasing sequence such that X < Xi < Xr and lim£_).oo Xi = A. Call 

Ri such that A^Rj = XrR"^ and B^ = BRyo). By (|1U.3|) . Xe = Xr^ is the first eigenvalue of H on 
Bi. By Step 1, 

R < Ri < • • • < R^ < • • • < R, and lim Ri = R. 

£—>■00 

Since V£, X < Xi, there is a unique Ui G C{Bi), Ui > 0, radial and non-increasing such that 

(10.4) H{Dui, D'^Ui) + Xui = 0, in Bi, and Ui{Ri) = 6i, 

where 5^ > 0 is so chosen that Ui{o} = 1, see (110.21) . Since A^ > Xi and Rm < R^, for m < £, 
using Lemma (521 in we see that 

^ _ Un,{o) ^ UmjRm) ^ _ Ui{o) ^ Ui{Rm) 

Ui(o) Ui{Rm) Rm{o) Um{Rra) 
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Hence, Um{Rm) = UiiRm) = Sm and Um = U£ in Bm- Thus, ui extends Um to in particular, 
extends uq to Moreover, 6^ is decreasing. 

Step 3 : We claim that lim^^oo = 0. Suppose not. Since 6(, is decreasing, V^, 6i > tj, for 
some rj > 0. Clearly, ui > rj. Take s = 1/2 in the estimate in Theorem 17.dl il to see that there is 
a solution v to 


H{Dv,D‘^v) + \v^ = 0, in Be and v{Ri) 


where A 


A + e and 0 < e < 


Xkrj 

2(l-0i?/2)’ 


Here, we may choose A(1 + kr]/2) < A < A^. Since r] is independent of £, letting £ —)■ oo and 
using Step 2, we obtain a contradiction. 

Step 4: Recalling Step 2, for x G Bp^{o), define u{x) = \\m.i^f^u^{x). By (|10.4p . u G C{Bj^{o)) 
and H{Du,D‘^u) + \u^ = 0, in Bf^{o). Since u is radial and decreasing, define u{R) = 0. We 
have u G C{Bf^), since u{R() = ui{Rf) = 5^ —>■ 0, see Step 3. 

Step 5 : We scale u as follows. Set w{p) = u{r) where p = rR/R. Thus, w G C{B), w > 0, 
solves H{Dw,D‘^w) + \{R/R)'^w^ = 0, in Bji{o), and w{R) = 0. By Step 1, Xr = X{R/R)'^ and, 
thus, rc is a first eigenfunction on Br[o). □ 
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